Introduction
Masonry constructions may experience significant deterioration progresses, even without change in loading conditions, due to effect of long-term deformation and damage accumulation [Binda et al. 2001 , Roca 2004a , Lourenço & Pina-Henriques 2008 , Anzani et al. 2008 . Sudden collapses of historical structures like the Pavia Civic Tower and the Noto Cathedral [Binda et al. 1992 , Binda et al 2003 or the need for urgent interventions, such as in Monza Cathedral bell tower [Anzani et al. 2000 , Modena et al. 2002 , have increased the research interest on the long-term behaviour of masonry constructions. The assessment of their stability and time-dependent structural behaviour has required the development of appropriate numerical tools that can calculate the time-dependent deformation and damage accumulation in quasi-brittle materials under monotonic and sustained stresses. The available proposed models differ in the hypotheses, theoretical frameworks, the level of detail and complexity [Papa & Taliercio 2005 , Verstrynge et al. 2010 , Cecchi & Tralli 2011 . This paper presents a viscoelasticity and damage model intended for the analysis of complex historical structures. The theoretical framework is characterized by a simple formulation limiting the necessary number of experimentally deduced model parameters. The constitutive law for the viscoelastic and damaging material can be written in terms of a limited number of internal variables, resulting in a considerable computational advantage. Suitable damage variables are coupled to the rheological model in order to describe the material behaviour under stresses either increasing or constant in time.
The constitutive model is presented and the time integration procedure for their implementation into a FE code is detailed. The application of the model to the numerical study of a representative bay of Mallorca Cathedral is discussed. The procedure to identify the parameters that define the viscous and damage model, starting from the experimental monitoring activity, is also described. The parameters of the model have been calibrated using a 5-year monitoring period. In spite of it, the study has mostly a tentative character given the important uncertainties and difficulties involved. One of the main difficulties is found in the estimation of the initial deformation of the structure after construction. In the present study, an attempt towards a estimation of this deformation is carried out through a sequential analysis involving two construction phases suggested by the historical research carried out on the building.
The structure shows significant deformation which, according to previous studies [Clemente 2006] , can be related with the combined effects of construction process undergoing delicate intermediate stages, long-term deformation and geometric nonlinearity. The research presented is aimed to explore the viability of a numerical simulation of deformation and damage taking into account these combined effects.
Viscoelasticity Model
The underlying viscoelasticity model adopted in this work was proposed by Cervera [2003] . The model has been adapted to the study of masonry structures with the aim of simulating the time-dependent strain accumulation in the material as a result of longterm exposure to constant stress. The main idea of the approach is modelling the timedependent deformation through a time-dependent stiffness defined by two components corresponding to a constant one and a viscosity susceptible one. Figure 1a shows a schematization of the adopted rheological model for the uniaxial case, which is built as a combination of two elements, consisting respectively of a single spring and a Maxwell chain including a spring arranged in series with a dashpot. The generalization to a multiaxial stress state is described afterwards. The uniaxial model is defined by three parameters, i.e. the elastic stiffness of the first spring E ∞ , that of the second spring v E and the viscosity parameter η corresponding to the dashpot. The viscous stress in the dashpot is proportional to the viscous strain rate, i.e. Due to its viscous response, the dashpot of the Maxwell chain is infinitely stiff at the beginning of the deformation process, while its stiffness tends to zero for infinite time.
Constitutive model
Hence, the initial stiffness of the system is given by the sum of the stiffnesses of the two springs and the instantaneous elastic modulus 0 E can be calculated as follows:
Similarly, the stiffness of the system for t = +∞ is equal to E ∞ , since the dashpot is completely slackened at the end of the deformation process. The term
called participation ratio, defines the amount of stiffness susceptible to experience viscosity.
The addition of the stresses in the two elements results in the total stress sustained by the system:
In the above equation, ε represents the total deformation of the system (Figure 1b The strain rate of the system is defined by the following equation:
Multiplying each term by v E it is possible to obtain the first order differential equation governing the evolution of the variable v σ :
It is possible to rewrite the previous equation for the multidimensional case, using the tensorial counterparts of the scalar terms used for the uniaxial model:
where C is the isotropic linear-elastic constitutive tensor.
With the aim of assuming the viscous strain in the Maxwell chain as internal variable, the relationship ( )
can be included in Equation (7), leading finally to the evolution law for the viscous strain:
Integration of the internal variables
The solution of the differential equation for a generic time step 1 n t + has the form ( ) ( ) 
If previous expression is substituted in Equation (12), it results that 
Damage Model

Constitutive model
In order to describe the stress-stain relationships a damage-theory based model is adopted based on the concept of effective stress tensor σ related to strains ε under elastic regimen:
The mechanical damage in masonry due to cracking and crushing is described by the Tension-Compression Damage Model [Cervera et al. 1995 , Faria et al. 1998 ].
According to this model, and according to the different mechanical behaviour in tension and compression, a split of the effective stress tensor into tensile and compressive components, 
The constitutive equation takes the form:
where d + and d − , are internal damage variables each related with the sign of the stress and thus with tension and compression. The internal damage variables are equal to zero when the material is undamaged and equal to one when it is completely damaged.
Different damage criteria are assumed for tension and compression stress states in order to describe the corresponding damage types (cracking and crushing). The damage functions are defined as:
being τ ± scalar positive quantities, termed as equivalent stresses and defined in order to compare different stress states in two-or three-dimensions:
: :
The shape of each damage criterion is defined by tensors ± Λ . In this work, for the particular case of masonry material, it is assumed that 
Finally, the damage indexes d ± are defined in terms of the corresponding current value of the damage thresholds r ± in the form of a monotonically increasing function such
In this work, the following exponential expressions are assumed
where constants 0 dis H ± ≥ are the discrete softening parameters .
They are related to material tensile and compressive fracture energies f G ± , normalized according to the finite element characteristic length, in order to ensure objectivity of the FEM solution respect to the mesh size [Cervera et al., 1987] .
It is worth noticing that more sophisticated damage models could be adopted, including also the description of different stiffnesses, strengths and inelastic responses along the different material axes [Pelà et al. 2011] . The choice of a simple model was adopted in this work as a first approach to the study of a complex historical masonry structure.
Coupling with viscoelasticity
The coupling of the tension-compression damage model with the viscoelasticity model is carried out by assuming that the stress sustained by the Maxwell chain is the effective (undamaged) stress, rather than the total stress ]. Therefore, Equation (2) can be rewritten as follows:
:
The split of the effective stresses in each chain element is carried out, according to Equation (19), leading to: 
Finally, the constitutive model in Equation (20) can be rewritten to account for the coupling between viscoelasticity and mechanical damage:
It is worth noticing that the damage criteria, the evolution of damage indexes and thresholds are expressed in terms of the effective stresses (see Equation 22) and hence of the strains increasing with time. This format of the model is essential to describe properly the accumulation of mechanical damage under constant stress in masonry material.
Application to Mallorca Cathedral
This section presents the application of the proposed model to the analysis of the representative bay of Mallorca Cathedral. Firstly, the current state of deformation detected on the structure during the monitoring activity is presented. Secondly, the FE analysis of the structure is carried out in order to investigate the possible influence of construction process and long-term deformation on the present condition. The study of Mallorca cathedral is considered as a way to assess the actual applicability of the numerical tool to the analysis of long term deformation and damage in a real large structure.
Current deformation in Mallorca Cathedral
The construction of the Cathedral of Mallorca, Spain, started in year 1306 and spanned to year 1600, with a long interruption period from 1460 to 1560. On the basis of historical documents [Domenge, 1997 [Domenge, , 2003 Roca 2004b] According to calculations carried out for the present deformed configuration, considering the 2 nd order effects, the stability of the structure under dead load is at the moment not compromised by the existing deformation. Nevertheless the detected trend towards a progressive deformation increase is of concern because, in combination with geometric nonlinear effects, it might worsen the stability conditions and eventually lead to instability. For this reason, a FE analysis of the representative bay has been carried out using the constitutive models described in the previous sections, to study the longterm behaviour of the structure. Table 1 for the different nave sections denoted in Figure 3a .
The last column of the table also reports the horizontal displacements t δ at the top of It is worth noticing that despite the processing of experimental data, the measures in Table 1 
FEM modelling of the representative bay
Since the present study focuses on the effects of gravity loads, a FEM model involving only one quarter of the typical bay is sufficient in order to carry out the different analyses ( Figure 5 ). Appropriate boundary conditions have been defined in order to account for symmetry and the effect of the adjacent bays. A continuum macromodelling approach has been considered [Pelà et al. 2009 . The adopted FE mesh is composed by 49,979 tetrahedral elements and 14,689 nodes. Mesh refinement has been carried out in zones where high stress gradients are expected, as at both ends of flying arches and columns, at the intersection between different structural elements and under the large false window located in buttresses. The model has been defined with different material parameters for the main groups of structural members composing the structure ( Table 2 ).
The masonry compressive strength has been estimated based on the values experimentally obtained by means of mechanical tests carried out on stone samples. In the case of the piers, the stone samples were obtained from the original quarries, while in the walls, buttresses and flying arches they were taken in situ.
The tensile strength has been assumed equal to 5% of the compressive strength. The
Young moduli values adopted have been derived from the structural identification procedure reported in [Martínez, 2007] . Values for the fracture energies have been assumed based on previous experience, since they were not measured experimentally.
The viscoelasticity and tension-compression models presented in Sections 2-3 have been implemented into the FE program COMET [2002] developed at the International Centre for Numerical Methods in Engineering (CIMNE, Barcelona). Pre-and postprocessing have been carried out with GiD [2002] , also developed at CIMNE.
Simulation of the construction process
The construction process of the bay has been simulated numerically using a FE activation strategy able to reproduce the addition of different portions of structure during the building stages. The elements of the FE mesh are classified into active and inactive. At the beginning of the analysis, the elements which define the first portion built are activated, i.e. computed and assembled into the global matrix, whereas the inactive elements are disregarded in calculations. In the following step, the elements corresponding to the next construction stage are activated and the calculation proceeds, considering the first portion already deformed. By repeating such procedure until the completion of all building stages, it is possible to obtain a numerical simulation of the whole construction process.
According to the information obtained from historical research, the construction process of the single bay is simulated through three subsequent analysis steps. In the first step, only the lower part of the FE model is activated, including the pier, the aisle vault and the buttress. In the second analysis step, the upper part of the FE model, including the upper part of the buttress, the flying arches, the clerestory and the nave vault, is activated. Finally, the structure is subject to constant loading and the time starts elapsing in order to evaluate the deformation accumulation due to creep. In each subsequent phase, the computation is carried on starting from the stress-strain state obtained at the end of the previous phase. The geometric nonlinearity is taken into account by adopting a total Lagrangian formulation with the assumption of small-strain/large-displacement.
After the first construction phase, with only the lateral vaults built, the resulting horizontal deformation at the top of the pier is equal to 3 cm. The numerical analysis clearly shows that such partial configuration of the bay is stable, suggesting that, as an actual possibility, the bay might have been built without using auxiliary devices such as ties, as previously mentioned.
After the second construction phase, the maximum horizontal displacement at the pier decreases to 1.8 cm due to the application of the thrust of the central vault. As in the previous analysis step, the compressive damage does not affect any structural member in a significant way.
Modelling of long-term deformation
The analysis of the long-term deformation is carried out on the configuration and for the initial stress state resulting from the sequential analysis described in the previous section. No viscous deformation experienced in-between the construction phases has been considered.
As can be inferred from Section 2.1, the evaluation of time-dependent deformation due Table 1 . Making reference to this data, it has been possible to adjust the model parameters to the experimental behaviour of the structure. 
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